Abstract This work examines the existence of (4q 2 , 2q 2 − q, q 2 − q) difference sets, for q = p f , where p is a prime and f is a positive integer. Suppose that G is a group of order 4q 2 which has a normal subgroup K of order q such that G/K ∼ = C q × C 2 × C 2 , where C q , C 2 are the cyclic groups of order q and 2 respectively. Under the assumption that p is greater than or equal to 5, this work shows that G does not admit (4q 2 , 2q 2 − q, q 2 − q) difference sets.
D is a difference set if D satisfies the equation
and so we use D to represent both a subset of the group G and an element of the group ring Z [G] . Here D (−1) denotes the sum of the inverses of the elements of D and 1 G denotes the identity element of G. For more details on difference sets the reader may consult [2, 8, 10] . Difference sets with parameters (4N 2 , 2N 2 − N, N 2 − N) are known as MenonHadamard difference sets. More details on these difference sets can be found in [4] and [6] .
This paper investigates Menon-Hadamard difference sets with parameters (4q 2 , 2q 2 − q, q 2 − q), where q = p f , p prime. Turyn provided a nonexistence result for the abelian case. In his work, he showed that abelian groups of order 4p 2f and exponent greater than 4p f +1 or 2p f +1 do not admit (4q 2 , 2q 2 −q, q 2 −q) difference sets for p > 3; see [14] .
The existence of abelian (4p 2 , 2p 2 − p, p 2 − p) difference sets for p > 3 was ruled out by McFarland; see [12] .
After that, (4p 2 , 2p 2 − p, p 2 − p) nonabelian difference sets were studied by Iiams; see [6] . In his work, Iiams showed that any group of order 4p 2 which has Z p × Z 2 × Z 2 as a factor group, does not have (4p 2 , 2p 2 − p, p 2 − p) difference sets for p > 3.
In a recent work, Wan generalized the work of Iiams by showing that any group of order 4p 4 which has Z p 2 × Z 2 × Z 2 as a factor group, does not have (4p 4 , 2p 4 − p 2 , p 4 − p 2 ) difference sets for p > 3; see [15] . This paper tightens Turyn's exponent bound and generalizes Iiams's and Wan's results, through the following theorem. 2 , where q = p f , p is a prime greater than or equal to 5. Furthermore, assume that K G with G/K ∼ = C q × C 2 × C 2 = G , where C q , C 2 are the cyclic groups of order q and 2 respectively. Then G does not admit a (4q 2 , 2q 2 − q, q 2 − q) difference set.
Theorem 1 Suppose that G is a group of order 4q
For the cases where p = 2 and p = 3, f = 1, we have the parameters (16, 6, 2) and (36, 15, 6). Kibler gave the answer for the existence of difference sets in all groups of order 16 and 36 and constructed these difference sets when they exist; see [9] . Smith constructed a (100, 45, 20) difference set in the nonabelian group a, b, c : [13] .
In studying difference sets, a very useful technique is to look at the image of the difference set in a factor group of G. To see this, let U be a normal subgroup of G with G = G/U . The contraction of D with respect to U is the multiset D = D/U = {dU : d ∈ D}, which satisfies the equation
, where |t g | U = |g U ∩ D| is the number of elements of D in the coset g U . The number |t g | U is called the intersection number of g relative to U . The idea of contraction gives more information, indeed restrictions, on the equations which determine the difference sets in the factor group.
Character theory and algebraic number theory
We use character theory and algebraic number theory to gain information about the contractions of a difference set D. For information on character theory see [3] and [11] . More information on algebraic number theory can be found in [7] and [16] .
A character of an abelian group is a homomorphism from the group to the multiplicative group of the complex roots of unity. Extending this homomorphism to the entire group ring yields a map from the group ring to the complex numbers. We will denote characters by the Greek letter χ . The all-one character (that is χ(g) = 1, ∀g ∈ G) is called the principal character whereas the rest are called nonprincipal characters.
Lemma 1 Let G be a group of order v which has U as a normal subgroup of order
In our case, G is a group of order 4q 2 which has a normal subgroup K of order q Eventually we will show that such an A does not exist. From now on, G will be
Write G in the multiplicative notation; then G ∼ = x, y, z : Indeed the order here is lexicographic order (reading from right to left) with respect to the indices of the characters.
The columns of C are labelled by the elements of G in the following order
. The elements of β 1 are ordered lexicographically (reading from right to left) but with respect to the super indices.
This labelling for the columns and rows determines the matrix of the character table. Denote this matrix by U .
Define a new set of elements of the vector space as follows, β 2 = {ϕ abc }, where a ∈ {0, 1, . . . , p f − 1} and b, c ∈ {0, 1} and
The set β 2 has 4q elements. Next, we show that β 2 forms a basis for the vector
. This basis is often called the basis of "primitive idempotents".
We need the following lemma from character theory. The proof of this lemma can be found in [11] . Statement (1) means that the rows of the character table are orthogonal and the square norm of each one of them equal to |G|. Statement (2) means the same thing for the columns of the character table. Hence one can conclude that, if U is the matrix of the character table then U U t = |G|I , where the bar for the conjugation and t for transpose and I is the identity matrix. Hence U is an invertible matrix. Using the character table one can show the following result. 
Lemma 2 (Orthogonality relations of characters) Suppose that G is an abelian group. G denote the group of characters of G. Then

Lemma 3 β 2 is also a basis for the vector space
Q[ξ ][G ].
But as an element of Z[G ], A has the form
and
Here l a00 , l a10 , l a01 and l a11 are all integers. The next lemma ensures that l a00 , l a10 , l a01 and l a11 are equal.
Lemma 6 For a fixed
Proof We have two cases to consider. will generate all powers of ξ . Hence ξ l a00 will appear in χ a00 (A) and one can combine ±p f ξ l a00 with χ a00 (A). Thus we can apply Lemma 5 to χ a00 (A) − ±p f ξ l a00 = 0 and in the same way we can apply it to χ a10 (A) − ±p f ξ l a10 , χ a01 (A) − ±p f ξ l a01 , and χ a11 (A) − ±p f ξ l a11 . Applying Lemma 5 to χ a00 (A) − ±p f ξ l a00 gives, for i ≡ l a00 (mod p f −1 ) and i = l a00 ,
and for i ≡ l a00
Again, we apply Lemma 5 to χ a10 (A) − ±p f ξ l a10 . We obtain, for j ≡ l a10 (mod p f −1 ) and j = l a10 ,
And for j ≡ l a10
If l a00 ≡ l a10 then (1) and (4) give, for any i with i ≡ l a00 ≡ l a10 ,
and (5) and (6) . Therefore, l a00 ≡ l a10 (mod p f −1 ). Now assume that l a00 ≡ l a10 (mod p f −1 ) and l a00 = l a10 . Choose an integer i 0 with i 0 ≡ l a00 ≡ l a10 , i 0 = l a00 and i 0 = l a10 , then apply (1) and (3) to get
Since (7) and (8) But using (1) gives
So (9) ensures that |x l a00 | K + |x l a00 y| K + |x l a00 z| K + |x l a00 yz| K and |x l a10 | K + |x l a10 y| K + |x l a10 z| K + |x l a10 yz| K have distinct parities. Thus, one time we show that these two numbers have the same parity and another time they do not. This is a contradiction. Therefore, l a00 = l a10 . In the same way one can show that l a00 = l a10 and l a00 = l a11 .
Case 2: If (a, p) = p then we write a = p k b where (b, p) = 1, 1 ≤ k ≤ n − 1. We have ξ p k is a primitive p f −k th root of unity and we name it ζ . So we have ξ a = ξ p k b = ζ b is a primitive p f −k th root of unity. Hence
where
In the same way we can write χ a10 (A), χ a10 (A), and χ a11 (A). Now, the rest of the proof will be similar to the proof of Case 1. Observe that B i = {ϕ a00 : a ∈ C i }, where
Lemma 7 For a fixed
Define e i00 = a∈C i χ a00 (A)ϕ a00 . Because χ 000 (A) = 2q 2 − q, e 000 = 2q 2 − q 4q 
Plug this into the equation for e i00 to get e i00 = ±1 4
Change the counter of the sum using the substitution j = j − j i−1 to get
Because x is a generator of the group C p f , x −t = x p f −t for any integer t and so
. This gives
The next lemma shows that e i00 ∈ Q[G ] and gives a specific value for it.
Proof
We have
From the definition of C i , one gets
The sums depend on the values of j . So we partition the set {j : 0 ≤ j ≤ p f − 1} into two subsets, namely T 1 and T 2 where
(1 + y)(1 + z)
The last equality is true because the sum does not depend on s.
For a fixed j ∈ T 2 , we want to show that
From the definition of T 2 , if j is a fixed element of T 2 , then ξ −jp i−1 = 1 and ξ −jp i−1 will be a p f −r th root of unity, where r is a positive integer that depends on j and i − 1 ≤ r ≤ f − 1. Hence we get
Hence we get the required result
For A = 
We show that χ 011 (A) = p f . To this end, take
We find the intersection numbers relative to H . We have
Similarly, we have
For i = 0, name the sum e i , so we get
But,
where the e i 's are known from (13) and (14) . One can get all intersection numbers of A by using (15) . But these intersection numbers are integers that lie between 0 and p f . Next, we show that these intersection numbers involve fractions or do not lie between 0 and p f which gives a contradiction. 
Corollary 1
Suppose that G is a group of order 4q 2 which have a normal subgroup U so that G/U is isomorphic to D 4q (the dihedral group of order 4q). Then G does not admit (4q 2 , 2q 2 − q, q 2 − q) difference sets.
Proof Use Theorem 1 and Lemma 9 to get the result.
If the Sylow 2-subgroup of G is cyclic (i.e. G = G/K ∼ = C q × C 4 ) then the possible values of α in Lemma 4 depend on p. For instance, if p ≡ 1 (mod 4) and η is a primitive pth root of unity and α is an algebraic integer in Z[iη] all of whose conjugates have modulus p, then α has four possible values. More details about these four values of α can be found in [6] . AbuGhneim, Becker, Mendes, and Smith used one of these values to construct images of a putative Menon-Hadamard difference set in G = G/K ∼ = C p × C 4 , see [1] .
But, if p ≡ 3 (mod 4) then α has one possible value similar to the one in Lemma 4. In this case we expect to get a similar result to Theorem 1.
